We show that every k-dichromatic vertex-critical digraph on at most 2k − 2 vertices has a disconnected complement. This answers a question of Bang-Jensen et al., and generalises a classical theorem of Gallai on undirected vertex-critical graphs.
Introduction
Neumann-Lara [7] defined the dichromatic number χ(G) of a digraph G as the smallest number or colours needed to colour the vertices of G so that no colour class induces a directed cycle. A digraph G with χ(G) = k is said to be k-critical (resp. k-vertex-critical) if every proper subdigraph (resp. every proper induced subdigraph) G ′ ⊂ G satisfies χ(G ′ ) < k. The complement of a digraph G is the digraph G such that V (G) = V (G) and (u, v) ∈ E(G) if and only if (u, v) / ∈ E(G). Bang-Jensen, Bellitto, Schweser and Stiebitz [1, Question 3] asked whether there exists a k-critical digraph on at most 2k − 2 vertices with a connected complement. The purpose of this note is to answer their question in the negative, by proving the following theorem. Theorem 1. If G is a k-vertex-critical digraph on at most 2k − 2 vertices, then the complement G is disconnected.
This generalises a classical theorem of Gallai [3] on undirected vertexcritical graphs; other proofs were given in [6, 9] . All the proofs of Gallai's theorem rely on the simple fact that a colouring of an undirected graph is equivalent to a clique cover of its complement. Since there is no such equivalence in digraphs, generalising the theorem to directed graphs may initially seem out of reach. Upon closer inspection, however, it becomes clear that the central role is played by colour classes of size 1 and 2. Exploiting the fact that two vertices induce an acyclic subdigraph of G if and only if they induce at least one arc in G, we are able to give a short proof of Theorem 1 based on matching theory.
The proof
In what follows, a colouring of a digraph G = (V, E) is a partition P of V such that every part (called a colour class) induces an acyclic subgraph. A colouring P of G is extreme if it is optimal (i.e., P has χ(G) colour classes), and has the minimum number of singleton colour classes among all optimal colourings. Given a subset X ⊆ V , we denote the restriction of P to G[W ] by P[W ]. Given two disjoint digraphs G 1 = (V 1 , E 1 ) and G 2 = (V 2 , E 2 ), the disjoint union of G 1 and G 2 is defined as
The key tool in our proof is the Gallai-Edmonds Theorem [2, 3, 4] ; see also [5, 8] . Given 
Moreover, since M u misses at least two vertices of U , we must have c ≥ 2. ∈ E or (v, u) / ∈ E (or both), the colour class {u, v} does not induce a directed cycle, so the colouring P ′ is proper, optimal, and has fewer singleton colour classes than P u , contradicting the hypothesis that P u was extreme. Hence, (u, v) / ∈ E and (v, u) / ∈ E for all u ∈ D i and all v ∈ V \ (A ∪ D i ). In other words, we have shown that
This fact, in conjunction with (1) and (2), gives
On the other hand, by Theorem 2, every maximum matching of H has size 1 2 |U | + |A| − c , so χ(G[U ]) = |U | − 1 2 |U | + |A| − c = 1 2 |C| + |D| + c , and it follows that (4) and (5), we see that χ(G − A) = χ(G). Since G is vertexcritical, we must have A = ∅. Substituting this into (3), and recalling that c ≥ 2, we conclude that G has at least two components. This completes the proof.
